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INTRODUCTION 
In an earlier paper, Maurer and Rhodes (1965) proved the following 
result: 
Let G be a finite simple nonabelian group and f: G" --> G a map of 
the set of n-tuples of elements of G into G. Then there is an integer m 
and an m-tuple t - -  ( t I , t2 , . . . , tm)  of elements of G 0{1 , . . - ,n}  
such that for all g = (gl ,  . . .  , g,)  C G ~, f (g )  --- E ( t ,  g), where E( t ,  g) 
is the product gl p . . .  g~' C G of elements g t C G defined by letting 
for eachj C {1, . . .  , m} g j  = t~ if tj C G orgj  = gtj if t~ C {1, --- ,n}. 
While this result is of some intrinsic algebraic interest, he motivation 
behind the result was its application to automata theory. It is the 
purpose of this paper to explore this connection, in particular, we set 
forth here a new method for the generation of boolean functions. Cur- 
rently, the maior method used for that purpose is one developed by 
Shannon which, while well-known, can require in hardware realizations 
circuitry too cumbersome for some applications. The alternative method 
set forth here involves the use of a fixed simple nonabelian group machine 
(which can be realized in hardware by n flip-flops, where 2" exceeds the 
order of the group involved) and, for each boolean function, a storage 
sequence, the length of which depends upon the boolean function and 
the group machine used. A few examples will convince the reader that 
there is little correlation between the length of storage sequences and 
the amount of circuitry necessary to reMize the corresponding functions 
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by Shannon's method. Thus, this method may prove practical in some 
cases which cannot be handled readily by Shannon's method (and 
vice versa.) 
Although the main theorem of this paper is a simple corollary of the 
result proved in (Maurer and Rhodes, 1965), the proof given here is 
somewhat simpler and definitely leads to a programmable algorithm 
for determining the storage sequence corresponding to a given boolean 
function. 
NOTATION 1. The following concepts are standard. Let A, B, Q 
denote finite nonempty sets. A finite state sequential circuit is a 6-tuple 
M = (A, B, Q, q0, )., i), where A is the basic inputs, B the basic out- 
puts, Q the states, q0 C Q the starting state, ).: Q X A -> Q the next- 
state function, and i: Q -> B the present output function. 
The free semigroup on generators A is NA = {(al, . . .  , a~):n > 0 
and a~ C A for 1 _-_ 1 -< n}. A machine is any function f: NA --> B. 
Let M be a circuit as above, and let q C Q. Then Mq : 2A --> B is defined 
inductively by Mq(al) --- i(;~(q, a l ) )  for al C A, and Mq(al, . . .  , an) = 
Mq,(a2,  " "  ,a~),  where q' = ~.(q, al), for n _-> 2 and (al, . . .  ,a~) 
Y~A. We say M is reduced iff ql ~ q2 C Q implies Mq~ ~ Mq2 and M satisfies 
one more condition stated later. 
Let M be a reduced circuit. For any t = (ax, - . .  , a~) ~ 2A, define 
)J(t): Q --> Q inductively as follows: ().'(a~)) (q) -- ~.(q, a~) for al C A, 
q C Q, and (;~'(a~, . . . ,  ak) ) (q )  = [).'(ak)]((~.'(a~, . . . ,  ak-1) ) (q) )  
for ]c_-> 2, (al, " " ,ak )  ~ 2A, q C Q. Clearly, Mq(al, " - ' ,an)  = 
i([).' (al, • • • , a~)] (q)). The final condition in the definition of a reduced 
circuit is that {(~.'(t))(q0): t ~ ~A} -- Q. Let FR(Q) denote the semi- 
group of all transformations of Q into itself under the multi- 
plication ., where for f ,g  ~ FR(Q),  f .g  C F~(Q)  is given by 
( f .g ) (q )  = g( f (q ) ) .  Then ).': ZA----> FR(Q) is a homomorphism, i.e., 
~' (a~ , . . .  , a~ , b~ , . . .  , bin) = ;~' (a~ , . . .  , a~) . ).' (b~ , . . .  , b~). Wede- 
note ~.~ (~A) by M s, the semigroup of M. 
Let S be a semigroup. Then S~ : ~S --> S, the machine of S is defined 
by SS(s~, . . .  , s~) = s~ . . .  s~. Let h: A --> B. Thenhr : 2A --~ 2B is the 
unique extension of h to a homomorphism, i.e., h(ax , . . . ,  a , )=  
(h (a l ) , . . . ,  h(a~)) .  Let ]c denote the restriction of ~.' to A. Then 
M~ = jqMZ~k r, where jq : M s --> B is given by j~ (f) = i ( f (q )  ). 
DEFINITION 1. Let M = (A, B, Q, q, ~., i) be a finite state sequential 
circuit. We say M is a simple nonabelian primitive Boolean circuit 
(henceforth abbreviated to simple circuit) iff A = B = {0, 1], M is 
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reduced, and M s as a subsemigroup of F~(Q) is a transitive primitive 
simple nonabelian permutation group which is generated by two elements 
(This last condition is possibly redundant.) See I-Iall (1962), Chapter 5. 
The idea to consider simple circuits stems from (Krohn and Rhodes, 
1965) and (Maurer and Rhodes, 1965). 
Remark 1. (a) From the elementary theory of transitive permutation 
groups, we find that we can construct all simple circuits as follows: 
Let G be an abstract simple nonabelian group generated by go and gl, 
and choose M to be any maximal subgroup of G. Let G/M = 
lMg: g C G}, the left cosets of M in G. Let i: G/M ---> {0, 1}, with 
i (G /M)  = {0, 1}, be arbitrary. Then 
({0, 1}, {0, 1}, G/M, M, a, i) 
is a simple circuit where ~(Mg,  k) = Mggk for k = 0, 1. 
We now give some examples. 
Example 1. Let A~ denote the alternating roup on n letters (see 
Hall (1962)). Then for n > 5, it is well-known that A~ is a simple 
nonabelian group which acts transitively and primitively on {1, --. , n/. 
Further, {(123), (124), - . . ,  (12n)} generates A.  for n > 3. If 
n > 5 and n is odd, let go = (123) and gl = (345 --- n). Then since 
7r-l(ala2 . . .  al)~r = (~r(al)Tr(a2) . . .  ~r(ai) ), we have, for 1 --- k -< 
n -- 2, gTkgogl ~ = (12(2 + k)), so go and gl generate As.  When n > 5 
is even, h0 = (123) and hi = (12)(345 .- .  n) generate A~, since for 
1 <= k < n -- 2, h-[khoh~  is (12(k + 2)) if k is even and (21(k + 2)) if 
k is odd, and (213") 2= (12j). 
Now A~_I = {~r C A~ : 7r(1) = 1} is a maximal subgroup of A~,  
and A~/A~_I is in a 1:1 correspondence with [1 , " - ,  n} given by 
A~_l~r ~ ~r (1). Thus for n > 5 we can consider the simple circuit 
~(A~)  = ({0, 1}, {0, 1/, {1, . - . ,  n}, 1, ~, i) (1) 
where when n is odd, :~(j, k) = gk(j) and when n is even, :~(j, k) = 
hk(j) for k = 0, 1, and i ( j )  = j (mod 2). 
(b) Consider the following two permutations of {0, 1 , . . . ,  22} 
(Hall, 1962, p. 83). 
m0 = (0, 1, 2, . . .  , 22) 
ml = (2, 16, 9, 6, 8) (3, 12, 13, 18, 4) (7, 17, 10, 11, 22) (14, 19, 21, 20, 15). 
Then m0 and ra~ generate the quadruply transitive mathieu group M23, 
a simple nonabelian group of order 23.22.21-19.16.3 acting primitively 
(since 23 is prime). 
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TABLE I 
(x~, ~,  ~)  /~(t, x~, x~, ~)  M~(/~(t~, x~, x~, x~)) B(Y~, ~)(x~, ~, ~) 
(0, 0, 0) (0, 0, 1, 0) 1 ---~ 2 --~ 3 --~ 4 ---* 4 0 
(0, 0, 1) (0, 0, 1, 1) 1 ---+ 2 ---, 3 ~ 4 ~ 5 1 
(0, 1, 0) (0, 1, 1, 0) 1 ---+ 2 ---~ 2 ---~ 2 --~ 3 1 
(0, 1, 1) (0, 1, 1, 1) 1 --+ 2 --~ 2 --~ 2 --) 2 0 
(1 ,0 ,0 )  (1 ,0 ,1 ,0 )  1 --* 1 --~ 2 --+ 2 ---~ 3 1 
(1, 0, 1) (1 ,0 ,1 ,1 )  1 ---~ 1 ---~ 2 ---~ 2 ---~ 2 0 
(1, 1, 0) (1 ,1 ,1 ,0 )  1 --~ 1 --+ 1 --~ 1 --~ 2 0 
(1 ,1 ,1 )  (1 ,1 ,1 ,1 )  1--+ 1 -+ 1 -*  1--* 1 1 
Thus, we can consider the simple circuit 
M(M23) = ({0, 1}, {0, 1}, {0, . . -  , 22}, O, h , i )  (2) 
with ~.(j, l~) = mk( j )  for k = 0, 1, and i ( j )  - j (mod 2). 
DEFL~ITION 2. Let lYl = ({0, 1}, {0, 1}, Q, q0, ~., i) be a reduced finite 
state sequential circuit. Let v(B)  be a positive integer, and let X~(~) = 
{0, 1, vl,  v~, . . .  , v~(B)} be a set with v(B)  + 2 distinct elements. Let 
t = (a l ,  . . .  , a,)  CZXv(B) . Then B(M,  t): {0, 1} ~(B)--+{0, 1} is the 
boolean function of v(B)  variables determined as follows: Let 
(xl ,  -. • , x~(~)) ~ {0, 1} ~(~), i.e. each xi is 0 or 1. Then 
B(M,  t) (xl ,  - . .  , x~(~)) = Mqo(E(t , x~, . - -  , x~(B))), 
where E(t ,  x l ,  . . .  , x~(B)) = (a' l ,  . . .  ,a ' , )  C Z{0, 1} with a' j  = a. 
! 
i f a~C {0,1} ~nda j  =xz i fa j=v~.  
The sequence t is called a storage sequence yielding B = B(M,  t). 
Example 2. Let M be given by (1) with n = 5. Let v(B) = 3, and 
let t = (v~, v2,1, v3). Then B(M,  t) : {0, 1} 3 --> {0, 1} is determined as in 
Table I. 
THEOREM. Let M = ({0, 1}, {0, 1} Q, qo, ~, i) be a simple circuit. 
Let n be a positive integer, and let B: {0, 1}'--> {0, 1} be an arbitrary 
Boolean function. Then there exists t (B)  = t C E{0, 1, vl, . - .  , v,} such 
that B(M,  t) = B. 
Proof: This theorem follows immediately from (~Iaurer and Rhodes, 
1965). For the convenience of the reader, we write out. the details of the 
proof using an algorithm which is slightly more efficient than in (M~urer 
and Rhodes, 1965). Let gk = ~.'(k) C M z for ]c = 0, 1, where go and g~ 
generate the simple non-abelian group G = M s . Let n be a 
fixed positive integer. I f  t = (a~, . . .  , a,~) C ~{0, 1, v~ - - .  , v,}, wher e 
{0, 1, v~, . - .  , v,} contains n ÷ 2 distinct elements, thell le t 
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F (M,  t) : {0, 1} n --> G with F (M,  t) (xl ,  • • • , x~) = a ' l  . . .  a'm, where 
the multiplication is in G and a'~- = ~.'(aj) if a 5 = 0 or 1, and a's = ~' (xk) 
if as = vk. Then since 
B(M,  t ) (x l ,  . - .  ,Xn) = i (F (M,  t ) (x l  , " ' "  ,Xn)(qO)), 
it is sufficient to prove that  for each f :  {0, 1} ~--> G there exists t 
2{0,  1, ~)1 , " ' *  , Us} such  that f  = F (M,  t). 
Since go and gl generate G, there exist, for each g C G, (al ,  • • • , am) C 
%{g0,g l}suchthatg=a l " "a ,~,andF(M,a~, ' " ,am)(x l , " "  x~) = 
g for all (Xl, . . .  , x~) ~ {0, 1}". We denote this map by C ~. 
Let H : {F(M, t): t C ~{0, 1, vl, . . .  , vn}} then 
(F (M,  t l ) (x l ,  - . .  , Zn) ) "  (F (M,  t2 ) (Xx ,  ' ' -  , Xn)) 
= F(M,  tlt2)(x~, . . .  ,x~),  
so H is closed under pointwise multiplication of functions. We wish to 
prove that  each f :  {0 1} ~ --> G is in H. 
A j-tuple (g~, .. • , g j) of elements of G is called accessible if for every 
j-tuple (a~, . . -  , as) of distinct elements of {0, 1}" (as is an n-tuple of 
O's and l 's)  there is an f C H such that  f (a i )  = gi for 1 -< i --- j. We 
prove by induction that  all j-tuples, for 1 _-_ j = 2 ~, are accessible. 
Since H is a subgroup, it suffices to prove all j -tuples of the form 
(g, e, e, . - .  , e), where e ~ G is the identity, are accessible. I f  (g) is a 
1-tuple then C g C H shows that  (g) is accessible. Let j >- 2, and let 
a = (al ,  • - • , as) be ~ fixed j-tuple of distinct elements of {0, 1} ~. Let 
G~ be the set of g ~ G such that  for somef  C H, f (a~)  = g andf (a i )  = e 
for 2-< i -<  j. Since H is closed under pointwise multiplication of 
functions, G. is a subgroup of G, and G~ is normal since if g C G, f (a l )  : 
x x -1 --1 
g, andf(a~) = e for 2 <- i <- j, thenf~f f f  -~ C H, and ( f f f  )(al) =xgx  , 
(f~fff-1) (ai) = e for 2 - i < j. Since G is simple, it now sufficesto show 
that  G~ ~ {e}. FurS = 2,1eta1 = (xl,  . . .  , x~) anda2 = (x' l ,  . "  , x'~). 
/ 
Then since al ~ a2, xi ~ x ~ for some i, 1 -< i -< n. Assume x~ = 1, 
t : e. Let x~ : 0. Let N be the smallest positive integer such that  go N 
t = (v i ,0 , ' "  ,0)  with N-  1 zeros. Then F(M, t ) (a l )  ~e  and 
F(M, t ) (a2)  = e. Thus, F(M, t ) (a~)C  G~, so G, ~ {e}. Hence all 
2-tuples are accessible. 
Now assume j >_-3. Since all ( j -  1)-tuples are accessible, there 
exist f~ f2 C H such that  the values of f~ and f:  on al ,  • • • , as are given 
by the following diagram: 
a : a la2a3a4 " ' "  a j  
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f l (a )  = goe  x e . . .  e 
f2(a)  = gl y e e . . .  e 
where x and y are (unspecified) elements of G. Let f3 = f [ l . F l . f l  "ft., 
where f3(al)  = go:g71gogl and f3(a~) = e for 2 -< ]c -< j. Hence, 
--1 --1 
go gl gogl ~ G~, and -1 -1  go gl gogl ~ e since go and gl generate G and G is 
noncommutat ive.  Thus every j-tuple for 1 <- j _-< 2 ~ is accessible. 
Now let f :  {0, 1} ~--> G, and let (a0 , - . . ,  a2n) be the elements of 
[0, 1} ~ in some order. By  the above the 2~-tuple (f(a0), . . .  , f (a2n) )  is 
accessible, so for some t ~ Y,{O, 1, v~, . . .  , v~}, f  = F(M,  t). This proves 
the theorem. 
The reader should see the forthcoming papers of Maurer which 
further pursue the problem of computing a t for a given M and B such 
that  B = B (M, t). The method will be suitable for programming. 
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